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• Probability:

Let A, B and C be events of a sample space. Then:

P (A ∩B ∩ C) = P (A)P (B|A)P (C|A ∩B)

Let {A1, A2, · · · } be a partition of a sample space S and B an event of S. Then, if P (Aj) > 0, for all
j = 1, 2, · · · and P (B) > 0,

P (Aj|B) =
P (Aj ∩B)

P (B)
=

P (B|Aj)P (Aj)∑
i=1 P (B|Ai)P (Ai)

.

• Expected values and other quantities (for a single RV):

Let X be a random variable. Then,

E(g(X)) =

∫ +∞

−∞
g(x)fX(x)dx, if X is a continuous RV

E(g(X)) =
∑
x∈DX

g(x)fX(x), if X is a discrete RV

V ar(X) = E
(
(X − µX)2

)
= E(X2)− (E(X))2

mo(X) = argmax
x∈R

fX(x), qα(X) = min{x ∈ R : FX(x) ≥ α}, MX(t) = E(eXt).

• Expected values and other quantities (for functions of RV):

Let X and Y be two random variable. Then,

E(g(X, Y )) =

∫ +∞

−∞

∫ +∞

−∞
g(x, y)fX,Y (x, y)dxdy, if X and Y are continuous RV

E(g(X, Y )) =
∑

(x,y)∈DX,Y

g(x, y)fX,Y (x, y), if X and Y are discrete RV

Cov(X, Y ) = E ((X − µX)(Y − µY )) = E(XY )− E(X)E(Y )

E(g(X, Y )|Y = y) =

∫ +∞

−∞
g(x, y)fX|Y=y(x)dx, if X and Y are continuous RV

E(g(X, Y )|Y = y) =
∑
x∈DX

g(x, y)fX|Y=y(x), if X and Y are discrete RV

V ar(X|Y = y) = E
(
(X − µX|Y=y)

2|Y = y
)
= E(X2|Y = y)− (E(X|Y = y))2.

• The tower property (or Law of total expectation):

Let X and Y be two random variable. Then,

E(E(X|Y )) = E(X) and E(E(Y |X)) = E(Y ).
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• Theoretical distributions:

– Discrete uniform distribution:

fX(xj) =
1

k
, j = 1, 2, 3, ..., k

if xj = j, then µX = E(X) =
k + 1

2
, V ar(X) =

k2 − 1

12

– Binomial (and Bernoulli) distribution (X ∼ Bin(n, p)):

fX(x) =

(
n

x

)
× px(1− p)n−x, x = 0, 1, 2, · · · , n

E(X) = np, V ar(X) = np(1− p) MX(t) =
[
(1− p) + pet

]n
– Hypergeometric distribution (X ∼ Hypergeometric(N,M, n)):

P (X = k) =
(N−Mn−k )(Mk )

(Nn )
, k = max{0, n− (N −M)}, · · · ,minn,M

E(X) = n× M

N
, V ar(X) = n

M

N

(
1− M

N

)
N − n
N − 1

– Negative Binomial (and Geometric) distribution (X ∼ NB(k, p)):

P (X = x) = (x−1k−1)p
k(1− p)x−k, x = k, k + 1, k + 2, · · ·

E(X) =
k

p
, V ar(X) =

k

p

(
1

p
− 1

)
, MX(t) =

(
pet

1− et(1− p)

)k
– Poisson distribution (X ∼ Poi(λ)):

P (X = x) =
λxe−λ

x!
, x = 0, 1, 2, · · · , E(X) = V ar(X) = λ, MX(X) = eλ(e

t−1)

– Exponential distribution (X ∼ Exp(λ)):

fX(x) = λe−λx, x > 0, E(X) = 1/λ, V ar(X) = 1/λ2, MX(t) = (1− t/λ)−1 , t < λ.

– Gamma (and chi-squared) distribution (X ∼ Gamma(a, b)):

E(X) = ab, V ar(X) = ab2, MX(t) = (1− bt)−a , t < 1/b

If a = 1, b =
1

λ
then X ∼ Exp(λ); If a =

n

2
, b = 2 then X ∼ χ2

(n).

– Continuous uniform distribution (X ∼ U(a, b)):

fX(x) =
1

b− a
, a < x < b, E(X) = (a+ b) /2, V ar(X) = (b− a)2/12

– Normal distribution (X ∼ N(µ, σ2)):

fX (x) =
1√
2π
e−

(x−µ)2

2σ2 , x ∈ R, E(X) = µ, V ar(X) = σ2, MX(t) = e(µt+0.5σ2t2)

2



• Central Limit Theorem

Let Xi be a sequence of independent and identically distributed random variables with E(Xi) = µ
and V ar(Xi) = σ2. Then,

Z =

∑n
i=1Xi − nµ√

nσ
=
X − µ
σ/
√
n

a∼ N (0, 1)
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